Abstract-A time-domain method that combines the scaling function-based multiresolution time domain (S-MRTD) technique with a Laguerre polynomial-based time-integration scheme is formulated, applied, and evaluated in this letter. The motivation for this work stems from the fact that the disadvantages of each of these two techniques can be compensated for by the strength of the other. Namely, while S-MRTD suffers from a reduced Courant number than the finite difference time domain (FDTD), the use of the Laguerre time-integration renders it unconditionally stable. In turn, Laguerre-FDTD is an implicit method, based on matrix inversion. The coarse gridding that S-MRTD allows for leads to significant reduction in the size of this matrix. Specific numerical experiments indicate the improved performance of this Laguerre-S-MRTD approach, compared to its two constituent techniques and thus its significant potential as a novel time-domain solver.
Thus, if an appropriate spatial finite difference scheme is applied, the number of these unknowns and the order of the associated system can be drastically reduced, with obvious consequences for the execution time and the memory requirements of the resulting technique.
This observation motivated the authors to formulate and validate a combination of the S-MRTD technique with the Laguerre-polynomial-based time integration of [4] , in [5] . The present letter extends this work, by providing an assessment of the computational advantages of the Laguerre S-MRTD through two-dimensional (2-D) applications. In fact, a vis-a-vis comparison of the Laguerre-FDTD and S-MRTD is presented by solving the examples of [4] , with Coifman S-MRTD finite differences [6] in space. Thus, the advantages of the proposed scheme, in terms of memory and execution time, are clearly demonstrated.
II. LAGUERRE S-MRTD: FORMULATION
The formulation of a Laguerre-S-MRTD scheme for a 2-D system of Maxwell's equations, with respect to , is briefly discussed in this section. In comparison to the S-MRTD method of [1] , the present technique employs the weighted Laguerre polynomials [4] (1) as a temporal basis for the field components, instead of pulse basis functions. The role of the scaling coefficient is to translate the interval of support of a Laguerre polynomial within the simulated time interval. For example, is expanded as follows: (2) where is a positive integer representing the maximum order of Laguerre polynomials that cover the time interval of interest, while , , , is a scaling function, centered at . A domain of scaling functions is assumed. In the numerical examples that follow, is specified as a fifth-order Coifman function [6] . The basis functions in space and time are shown in Fig. 1 .
For the derivation of the Laguerre-S-MRTD scheme, the method-of-moments-based procedure of [1] is applied. Thus, a system of finite difference update equations in space, accompanied by a marching-in-order of Laguerre polynomials in time, is deduced. Eliminating , this system is reduced to two implicit update equations with respect to the magnetic field components, which are assembled in a matrix equation and solved as such. As an example, one of these two equations is given in (3) , as shown at the bottom of the page. The electric field is updated from the solution of this system, through the equation (4) The coefficients that appear in these expressions are the well-known stencil coefficients of the S-MRTD technique [1] and is the maximum index , for which (also referred to as the stencil of the method). The Laguerre-MRTD scheme defined by (3) and the corresponding equation for , involves the solution of a linear system of equations, of the form: , where , is the electric current contribution and stems from the assembly of the rest of the right-hand-side terms, which involve summations up to a Laguerre-polynomial order of . The system matrix is a constant for a given problem and is independent of the order . Therefore, its computation is carried out once, at the preprocessing stage of the code. Note that the time-stepping of conventional time-domain techniques has been replaced by a stepping-in-order of Laguerre polynomials. Once the field expansion coefficients are determined, (2) is employed for the reconstruction of the field waveforms in time. The complexity of this numerical procedure depends on the size of the matrix and its inverse . The dispersion properties of the S-MRTD technique allow for the reduction of the mesh size compared to FDTD, yet they also render the sparse Laguerre-FDTD matrix almost fully populated. To partially compensate for this effect, a thresholding procedure can be applied by noting that the matrix elements contain terms that are proportional to the stencil coefficients. The latter are given by the expression
These terms quickly decay with increasing , as confirmed for the Battle-Lemarie basis in [1] and the Coifman basis in [6] . Therefore, off-diagonal terms in the matrix follow this decay. As a result, a thresholding procedure of eliminating matrix elements that are smaller in magnitude than a fraction of the largest matrix element is very effective in rendering the matrix sparser, while retaining the accuracy of the computations. The salient features of the Laguerre-based S-MRTD are demonstrated in the numerical examples that follow.
III. NUMERICAL RESULTS
The Laguerre S-MRTD technique is applied to two examples that are similar to those provided in [4] in order to directly compare the proposed method to its FDTD-based counterpart. The advantages of the latter over the conventional FDTD have been extensively discussed in [4] and will not be repeated here. The Coifman functions of order 5 are used for the expansion of field components in space [6] .
First, the 2-D parallel plate waveguide geometry of Fig. 2 is modeled. The waveguide is semi-infinite, being terminated in (3) Fig. 3 . Electric field at points P , P (Fig. 2) , computed with the two methods of Laguerre-FDTD and Laguerre-S-MRTD at =1 of 10 and 5, respectively. Fig. 4 . Electric field at points P , P (Fig. 2) , computed with the two methods of Laguerre-FDTD and Laguerre-S-MRTD at =1 of 20 and 5, respectively. a perfect electric conductor plate at one end. It is excited by a Gaussian pulse of approximate spectral content up to . The electric field is computed at points and (5  and 10 -away from the source), indicated in Fig. 2 , by using both Laguerre-based FDTD and S-MRTD. A discretization rate of and is used for FDTD, while is used for S-MRTD.
The time-domain field waveforms shown in Figs. 3 and 4 show an excellent agreement between the two methods in all cases. However, the -FDTD waveform at point presents oscillatory distortions, coming from numerical dispersion, which disappear as the FDTD mesh is refined by a factor of two. On the other hand, the discretization rate is sufficient for the S-MRTD technique to reach the FDTD accuracy.
Furthermore, Figs. 5 and 6 show the structure of the matrix for Laguerre-FDTD and Laguerre-S-MRTD. The size of the matrix and the number of nonzero elements, after thresholding both matrices with a threshold , are provided. The application of S-MRTD reduces the order of the matrix by a factor of 4 and the number of its non-zero elements by more than half in this relatively small-scale problem. In fact, further savings are possible by increasing the threshold , used for matrix compression. The pertinent question is whether this thresh- olding procedure results in errors and to what extent does this happen. This question is addressed in Fig. 7 , which presents the norm--error of the time-domain waveform sampled at the point of Fig. 2 , for different thresholds and the corresponding sparsity of the inverse matrix. It is shown that even a 94% matrix sparsity can be achieved at an error of less than.01. Note that the norm--error is defined as (6) where and are the reconstructed electric field, with and without thresholding, respectively, and is the total number of the reconstructed samples in the time span of interest . The time span can be selected arbitrarily, however, a larger requires a larger number of iterations in the domain of weighted-Laguerre transform [4] . In the two examples of this letter (geometries of Figs. 2 and Fig. 8) , is chosen to be 20 and 4 ns, respectively. The size of the time differential used in the integrations of the weighted-Laguerre transforms, , is se- Fig. 7 . Error in the time-domain waveform sampled at the point P of Fig. 4 , due to thresholding of the Laguerre-S-MRTD matrix versus threshold and corresponding matrix sparsity. lected as small as , where is the defining parameter of the Gaussian pulse, as in . The above value of is small enough to accurately follow the fast temporal variations of the weighted-Laguerre polynomials up to the 250th order, used here. Note that this time step is irrelevant to the time-marching procedure; it is only used for the computation of the Laguerre expansion of the current source excitation (preprocessing) and for the field reconstruction from the Laguerre coefficients at the post-processing stage [4] . Finally, the time scaling factor, , was chosen to be 5 [4] , [5] . Table I includes comparison of the computation times for Laguerre-S-MRTD, Laguerre-FDTD, and S-MRTD, respectively. The maximum order of Laguerre polynomials employed for this problem is 250. Hence, 250 updates are executed in the Laguerre domain within 1.2 and 3.2 s for the two methods, respectively. Therefore, the execution time for the Laguerre S-MRTD is reduced by a factor 2.7. Simulating the same time interval with S-MRTD requires 5000 time steps, which run in 7.3 s. Therefore, the Laguerre-S-MRTD is six times faster than the conventional S-MRTD due to its improved stability properties.
The second application example, used for verifying the new scheme, is a long 2-D parallel plate waveguide with a capacitive Fig. 9 . Electric field at points P and P (Fig. 8) , computed with the two methods of Laguerre-FDTD and Laguerre-S-MRTD at =dx of 120 and 60, respectively.
iris shown in Fig. 8 . The waveguide is terminated by a PEC plate at one end and is excited by a Gaussian pulse of . The electric field is computed at points and using both Laguerre-FDTD at 120 cells/ , , and Laguerre-S-MRTD at 60 cells/ . The results, shown in Fig. 9 , also indicate an excellent agreement between the two methods despite the fact that S-MRTD is again operated at a coarser discretization rate, which in turn results in reduced matrix operations.
IV. CONCLUSION
In this letter, a new S-MRTD scheme with improved stability behavior has been presented. Orthogonal causal basis functions of weighted Laguerre polynomials have been employed for the temporal expansion of field components. This combination of the S-MRTD technique with the method of [4] has contributed to the mitigation of well-known problems that both techniques were presenting individually. Namely, the decay of the stability factor of the S-MRTD technique (compared with the FDTD) and the implicit nature of the Laguerre-FDTD scheme that results in the formulation of a potentially large linear system of equations.
